We prove the finite time blow-up for solutions of the 3D incompressible Euler equations, which happens along the fluid particle trajectories starting from a set of points. This set is specified by the relation between the deformation tensor and the Hessian of pressure both coupled with the vorticity directions, associated with the initial data. As a corollary of this result we prove the finite time blow-up of the Taylor-Green vortex solution.
Introduction
We are concerned with the Cauchy problem of the following Euler equations for the homogeneous incompressible fluid flows in a domain Ω ⊂ R 3 , Here v = (v 1 , v 2 , v 3 ), v j = v j (x, t), j = 1, 2, 3, is the velocity of the flow, p = p(x, t) is the scalar pressure, and v 0 is the given initial velocity, satisfying div v 0 = 0. Our results in this paper does not depend on the specific condition on Ω, although we need at least local existence of a classical solution, for which it suffices that Ω is a periodic box T 3 , whole of R 3 , or a bounded domain with smooth boundary together with the boundary condition of vanishing normal component to the boundary for velocity. The equations (1.1)-(1.3) were first derived by L. Euler in 1755( [18] ). Below we briefly survey some results on the Cauchy problem of the 3D Euler equations obtained so far. Given m ∈ N ∪ {0}, let H m (Ω) be the standard Sobolev space on Ω, defined by
|α|≤m Ω |D α f (x)| 2 dx < ∞}, where α = (α 1 , α 2 , α 3 ) with |α| = α 1 + α 2 + α 3 is the usual multi-index notation. Then, for v 0 ∈ H m (Ω) with m > 5/2, div v 0 = 0, the local in time unique existence of solution to (1.1)-(1.3), which belongs to C([0, T ]; H m (Ω)) for some T = T ( v 0 H m ), was established in [20, 26] . This was later extended to the local existence in various other function spaces by many authors( [21, 8, 9, 27, 28, 3, 4, 5] ). The question of finite time blow-up/global regularity of such locally constructed solution has been one of the most outstanding open problems in the mathematical fluid mechanics. For physical/mathematical significance of this problem as well as many instructive examples of solutions we refer [10, 11, 25] 
Here ω = curl v is the vorticity of the flow. This criterion is later refined in [23, 3, 4] . There is also a geometric type of approach to the blow-up problem initiated by Constantin-Fefferman-Majda( [13] )(see also [10] ), the idea of which was originated in [12] , and has been used in the recent works in [7, 17] . A spectral approach was studied for a model problem to the 3D Euler equations in [24] . In [15, 16] the authors also considered the possibility of special type of singularity formation including the collapse of vortex tubes. We also mention that there are considerable amounts of papers devoted to the numerical experiments on the blow-up problem, one of the most notable is [22] . In this paper we rigorously prove actual finite time blow-up for initial data satisfying very mild conditions, specified by the relation between the deformation tensor and the Hessian of pressure combined with the direction of vorticity(see Theorem 1.1 below for more details). As an application we prove the finite time blow-up of the Taylor-Green vortex solution.
Given velocity v(x, t), and pressure p(x, t), we introduce the 3×3 matrices,
with i, j = 1, 2, 3. Then, we have the decomposition V = (V ij ) = S+A, where S = (S ij ) represents the deformation tensor of the fluid, and A = (A ij ) is related to the vorticity ω by the formula,
where ε ijk is the skewsymmetric tensor with the normalization ε 123 = 1. Let ω(x, t) = 0 at (x, t), and ξ(x, t) = ω(x, t)/|ω(x, t)| be the direction field of the vorticity. At such point (x, t) we define the two scalar fields
where S(x, t) and P (x, t) are the deformation tensor and the Hessian of the pressure respectively, associated with the flow. As will be seen below the quantities σ(x, t) and ρ(x, t) at t = 0 will have prominent roles in leading to finite time singularity of solution to the Euler system (1.1)-(1.3). We denote
The following is our main theorem.
If S = ∅, then the solution of (1.1)-(1.3) with the initial data v 0 blows up in finite time, namely lim sup
for some T * ∈ (0, ∞). Moreover, the blow-up time T * is estimated from above by
where {h(x)} + = max{h(x), 0} denotes the non-negative part of h(x).
The set S of points in Ω leading the finite time blow-up is specified by functions σ 0 , ρ 0 which involve nonlocal operators. Recall that S contains singular integral operators acting on the vorticity ω(see e.g. [25] ), and
, where R i , i = 1, 2, 3, are the three dimensional Riesz transforms. We note that the similar type of specification of the corresponding set is given for the one dimensional model equation studied in [14] , where the nonlocal operator is the Hilbert transform. In particular, as will be seen in the proof below, the condition σ 0 (x) > 0 corresponds to the initial amplification of vorticity at the point x. We also note that σ 0 (−v 0 ) = −σ 0 (v 0 ). Hence, by reversing the direction of initial velocity we can change the sign of σ 0 .
(ii) We observe that σ and ρ are the Rayleigh quotients for (S, ω) and (P, ω)
respectively. Hence, we have estimates for the eigenvalues of S and P as follows.
for t ≥ 0. We recall here that λ S,max (x, t) > 0 for nontrivial flows, which follows from the fact that S(x, t) is traceless. Hence, in particular, the condition σ 0 (x) > 0 is satisfied if ω 0 (x) aligns with the eigenvector corresponding to the maximum eigenvalue of S 0 (x), while the condition
(iii) Let v = v(x 1 , x 2 ) be an initial data for the Euler equations on the plane(the 2D Euler equations). Then we have ξ = (0, 0, ω/|ω|) T , where ω = ∂ 1 v 2 − ∂ 2 v 1 , and S j3 = S 3j = P j3 = P 3j = 0 for j = 1, 2, 3, and we can compute easily that σ 0 = ρ 0 = 0, and hence S = ∅.
(iv) The behavior (1.9) of a singular solution is consistent with the BKM criterion, and has been observed in the numerical experiments(see e.g. [22] ).
(v) A lower bound estimate of the bow-up time, which is given in [6] , is
for an absolute constant C, whereḂ 0 ∞,1 is the homogeneous Besov space 'slightly smaller' than L ∞ .
2 Proof of Theorem 1.1
We begin with derivations of some basic evolution equations. Computing partial derivatives ∂/∂x k of (1.1) yields
Taking symmetric part of (2.1), we have
2) from which, using the formula (1.5), we derive
3) where δ ij is the Kronecker delta defined by δ ij = 1 if i = j, and δ ij = 0 otherwise. The antisymmetric part of (2.1) is
which, using the formula (1.5) again, we obtain easily 5) which is the well-known vorticity evolution equation that could be derived also by taking curl of (1.1). The equations (2.3) and (2.5) are the basic systems for our proof below.
Proposition 2.1 Let us set Ψ(x, t) = 1/|ω(x, t)| in the neighborhood of (x, t) where ω(x, t) = 0. Then, Ψ(x, t) satisfies the inequality,
Proof. Multiplying (2.5) by ω i , and summing over i = 1, 2, 3, we obtain 1 2 Taking (material) derivative of (2.7) again, and using (2.3) and (2.5), we deduce 1 2
where we used the inequality 3 i,j,k=1
Substituting the identity
where we used (2.8), into (2.9), we have
From this estimate, using (2.8) again, we deduce
Proof of Theorem 1.1 We use the Lagrangian variables below. Let X(α, t) be smooth particle trajectory(Lagrangian variable) defined by the unique solution of the ordinary differential equations.
where v(x, t) is the classical solution of the system (1.1)-(1.3), which is well defined at least locally in time due to the local existence results(e.g. [20, 26] ).
Note that an equation in Eulerian variables,
can be written in terms of the Lagrangian variables as
), t) = G(X(α, t), t).
From now on we assume α ∈ S. This implies, among others, that ω 0 (α) = 0. Let us recall the well-known vorticity transport formula(see e.g. Proposition 1.8, page 20 in [25] ),
Since the map α → X(α, t) is a volume preserving diffeomorphism, we have det[∇ α X(α, t)] = 1, and ω(X(α, t), t) = 0 for all t belonging to the maximal time interval of the classical solution. Hence, the scalar field Ψ(X(α, t), t) = 1/|ω(X(α, t), t)|, the direction field ξ(X(α, t), t) and the both of the quantities σ(X(α, t), t) and ρ(X(α, t), t) are well defined along the trajectory {X(α, t)}. Therefore, in terms of the Lagrangian variables, (2.6) can be legitimately written as
Let us denote below g = {ρ + 2σ 2 } + .
From (2.11), we have
We multiply (2.12) by exp( Now (2.13) is easily integrable to yield
where we denoted
Going back to |ω(X(α, t), t)| = 1/Ψ(X(α, t), t), we have
where we used the fact, 
if the classical solution survives until t * , and we have proved (1.8) . The proof of (1.9) follows immediately by integration with respect to t of the inequalities,
over the interval (0, t * ). The upper estimate of the blow-up time is given by
3 Finite time blow-up for the Taylor-Green vortex flows
Historically, the Taylor-Green vortex( [19] ) is considered as the first candidate of initial data leading to finite time singularities for the 3D Euler equations.
There have been tremendous amount of numerical experiments for this flows since the work [2] , and the results are still controversial. As an example of application of Theorem 1.1 we rigorously prove the finite time blow-up for the Taylor-Green vortex solution. Proof. We compute ξ(x) = ω(x)/|ω(x)|, S and as follows.
ξ(x) = (− cos x 1 sin x 2 sin x 3 , − sin x 1 cos x 2 sin x 3 , 2 sin x 1 sin x 2 cos x 3 ) for a periodic harmonic function h on [0, 2π] 3 , which should be a constant due to the maximum principle. Then the elements of the Hessian P = (∂ i ∂ j p) are are satisfied at x ∈ S 0 , and the set S in Theorem 1.1 is not empty. Hence, we have blow-up of solution at some finite time T * . Moreover, since σ(x) − {ρ(x) + 2σ 2 (x)} + = 1/2, we have the estimate of the blow-up time T * ≤ 2.
